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AXISYMMETRIC HARMONIC INTERPOLATION POLYNOMIALS IN RN

BY
MORRIS MARDEN(!)
ABSTRACT. Corresponding to a given function F(x, p) which is axisyme

netric harmonic in an axisymmetric region 8CR” and to a set of n + 1 circles

C_ in an axisymmetric subregion ACQ, an axisymmetric harmonic polynomial

An(x, P Cn) is found which on the Cn interpolates to F(x, p) or to its partial

derivatives with respect to x. An axisymmetric subregion BCQ is found such

that An(x, Pi C”) converges uniformly to F(x, 0) on'the closure of B. Also a

An(x, P % po) is determined which, together with its first n partial derivae

tives with respect to x, coincides with F(x, p) on a single circle (€ po) ingQ

and converges uniformly to F(x, p) in a closed torus with (xo, Py as central

circle.

1. Introduction. In this paper we study the interpolation of an axisymmetric
harmonic function by means of axisymmetric harmonic polynomials. We choose
the x-axis as our line of symmetry and use mainly cylindrical coordinates (x, p, ¢)
related to rectangular coordinates (x, y, z) by the equations y = pcos ¢ z=
p sin ¢ and to spherical coordinates (r,, 6, ¢) by the equations x = r cos 0, p =
rsin 6, By a circle (xk, p,) we mean the circle with the equations x = X p=
pp- Furthermore, we define a region @ to be axisymmetric if (xg, pg» ¢,) € Q
implies that also (xo, prP) €Q forall 0<p< py and 0 < < 27. Ve define a
function F to be axisymmetric in Q if its values F(x, p) in © are independent
of ¢.

Specifically, we deal with the following two general problems for a given axi-
symmetric region @, a given function F(x, p) axisymmetric harmonic in @ and
a given set of circles C = {(xh, ph); k=0,1,+004 nl

(1) To find an axisymmetric harmonic polynomial A (x, p; C,) of degree n
such that

(1.1) A"(xko Pk; Cn)=F(xk’ Py k=0,1,c00,mn.
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386 MORRIS MARDEN

(2) To find two axisymmetric subregions A and B of Q, with closures 4 C
Q and B CQ, such that, if c,c A, then An(x, P; Cn) converges to F(x, p) uni-
formly in B.

Such problems may be interpreted as those of determining empirically the ve-
locity potential F(x, p) in an axisymmetric flow of an incompressible fluid. An
example is that of a liquid or gas which flows from x = — % in a uniform stream
parallel to the x-axis, but which eventually streams past a smooth axisymmetric
obstacle K. Region Q is chosen as disjbint from K and its interior. The values
F(xko [ k) might be found from measurements of the velocity potential taken along
a set of circles C, = {(xk, P k)} within A C Q, and the interpolating polynomial
A"(x, P; Cn) would then be sought as satisfying equations (1.1). The subregions
A and B of © must then be selected so that An(x, P; Cn) would approximate to
the potential F(x, p) uniformly in B to within a prescribed degree of accuracy.
(See also [4, pp. 254-256]; [6, pp. 432-4671.)

Our methods for solving the first type of problem involve straightforward al-
gebraic procedures. However, our method for solving the second type of problem
is by use of the Whittaker-Bergman operator [1, pp. 43-571

(1.2) Glx, y, 2) = 2—1171- f|’|=l gl¢, Nrtar,

where { = x + (i/Z)y(T sy (1/2)z(r - r=1), which generates a harmonic func-
tion G(x, ¥, z) as the transform of a function g({,7) that is holomorphic in £
over some region in C and continuous in 7 for |r| = 1. (In general, G(x, y, 2) is
complex valued so that its real and imaginary parts are separately harmonic.) By
this device, we are able to derive some results on harmonic polynomial interpola-
tion in R3 analogous to certain results about polynomial interpolation in C.

Finally, by similar methods, we are able to generalize our results to axisym-
metric harmonic functions in RN.

2. Interpolating polynomial A (x,p; C,). As an axisymmetric harmonic poly-
nomial, An(x, p; C ") may be written as a linear combination [4, p. 254] of the
zonal harmonics r"Pk(x/ r) where P k(u) is the kth degree Legendre polynomial.
As is well known [4, p. 125]

(k2] \oi 2
r"Pk(x/r)= ];0 (=1)y,_x=
where [£/2] .is the largest integer j < k/2 and
Vi =1+ 30 (k=27 - D1k - 291271,

Substituting 7 = x? + p?, we define
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(2.1) P (x, p) = PP Gx/D).

Thus Pk(x, p) is an axisymmetric harmonic polynomial which is a homogeneous
function of order & in x and p. It is an even function of p but is an odd or even
function of x according as k is an odd or even integer. Furthermore, since
Pk(l') =1, we find Pk(l, 0)=1 for all k. In short we may write

(2.2) A"(x, P; Cn) = Z AkPk(x, p).
k=0

The coefficients A, are to be determined so that Equation (1.1) holds; that is,
so as to satisfy the system

n
(2.3) Z AkPk(xi’ p,.) =‘F(xi, pi), j=0,1,cc0,m
k=0

Eliminating the A, from (2.2) and system (2.3), we obtain for A, the equation

Ap;C) 1 Pix,p) ... P (x,p)
F(xo’ po) l Pl(x09 Po) soe Pn(xo’ po)
(2.4) F(xl, Pl) 1 Pl(xl, pl) e Pn(xl, pl) =0.
F(xn’ pn) 1 Pl(xn’ pn) b Pn(xn’ Pn)
Using the notation
©.5) VIC,) = decllPylep p)lls G k=01, 00y
(2.6 V. (x, p; C”) = [V(Cn)]

(xk.Pk)'-'(x.P)
for k=0, 1, ..y n, we solve (2.4) explicitly for A" to obtain
n
2.7) A(x,p;C)) = [Z F(xy, p )V, (%, p; Cn)]/V(Cn)
k=0

provided that V(C ) £ 0.

The restriction V(C n) # 0 on the choice of the circles C, = {("k’ pk» ime
plies first that the circles (x,,p,) are distinct. It implies secondly that the
equations

(2.8) Plx,p)=0

are not satisfied for any & simultaneously for all j=0, 1, .-+, n. Factoring
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the Legendre polynomial

k
P W)=y, vI:Il (u = cos ;)

and thus
k
2.9) Pk(x’ p) = Y II (x=rcos %)
val

we may interpret (2.8) as requiring that each circle (x r pj) lie on some cone
(2.10) p=xtana,,

for the same value of k. Also, for given (x,-q pi'), j=1,2,<yn, and given p;»
we may determine the zeros of V(C,) considered as an nth degree polynomial in
%o and thereby find possibly additional sets of circles C, which fail to satisfy
the condition V(C,)# 0.

3. Special cases. Let us first consider the case that all the circles degen-
erate into points on the axis of symmetry so that py=p; =+--=p =0. Since
now ri = xi, we have P’.(xk, 0) = xin(l) = x}, and thus

V(Cn) = olxgy x5 000y xn),
n

Vk(xs P; Cn) = z;) ”jk("o’ ey xn)Pj(x’ P)9

1=

where
2 n
1 xo xo coe xo
2 n
1 xl xl coe xl
(301) v(xog xl’ DY xn) = o . N
2 n
1 xn xn vee xn

the Vandermonde determinant and ”jk("O' Xyseees xn) is the cofactor of xi in
v(xo. Xyperes x"). Thus

(3.2) A( c) - [ x")] F(x,, 0)P (x, p)
. ) Ps = ———— e ——— X1y Xy .
n X p n l’§0 v(xo’ ceey .xn) k J p

On the x axis An(x, 0; C") is found from (3.2) to reduce to the Lagrange inter-
polation polynomial for F(x) = Flx, 0).

Let us next examine the special case "0'/'0 = "l'/'l =eee= xn/rn =uy=
cos a when the circles C, lie on the cone 7= (x/u,), but not on any cone (2.10);
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that is, a # Ay v=1,2, ceey k; k=1, -+, n. Inthis case
k
P lxsp)=rP U

v(C,) = P,(u )P 2(g) e P (ugdilrgy rps oeey 1),

V(x,p; C) = jzo P’.(x, PP (uy) - P,'.l(“o)

. P’ 4»1("0) s Pn(uo)vik(ro’ A ] f")o

Thus,

el S vlrgs <ees ) \ P (x, p)]
(3.3) A (%, p;C) = i.E:o [ P—— ] P,-("o) F(x,, x, tan a).

Along a circle on the cone, An(x, xtan a; C ") is found from (3.3) to reduce to
the Lagrange interpolation polynomial to F(x) = F(x, x tan a).

Finally, let us look into the special case ry =7 =+« =7, when all the
circles C_ lie on the sphere x%+ p2 = rg. Since now Ph(x, p)= rﬁPk(u)o

(3.4) v(C,) = r2m+D2 dec |P (u ).

Let us write P_(«)=y_u" + 2371 p P (u). By subtracting from the kth column
of the determinant in (3.4) for each k, suitable linear combinations of the first
(k - 1) columns, we may reduce (3.4) to the form

(3.5) v(c,) = r")'(""l)/zyly2 ooy gy ugseeeyu )
Similarly

n
Vk(xy P; C") = yly2 oo yn z:o y]'.lr‘(:)"(n+l)-2]]/2rik
1=
where
-1
f'k = {Uik(uo’ ceey, uﬂ) - ""i+1yi+lvi+l.k(u0’ ceey u")l.
Thus

n
A"(X, Ps Cn) = -kzo [T{)}’]Jl(u()’ ey u")]- lfikF(xko ph)Pi(x’ P)o
1k=

Along a circle on the sphere r=rg, A"(x, p; C ") reduces to the ‘Lagrange inter-
polation polynomial for F(x) = F(x, [r3 - x2]172),
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4. Integral representations for A (x,p; C,). In view of the Laplace formula
for Legendre polynomials,

(4.1) P k(x, p = -}; ﬂ (x + ip cos D*dt,
we may rewrite (2.2) in the form

4.2) Ax, p;C)= ;l-rf: A(x + ip cos 1) dt
where the polynomial

(4.3) 2,£) = )> At e,
k=0

is called the associate of A (x,p; C,_). More generally, if Flx,p) is an axisym-
metric harmonic function in an axisymmetric region @ C R3, then

4.9 F(x, p) = '117.‘: f(x + ip cos 1) dt,

where the associate f({) = F({, 0) is a holomorphic function of £ in the meridian
cross-section @ of {}, obtained on intersecting  with any plane through the x
axis. This meridian section @ is an axiconvex region in C, in the sense that
¢ € implies that also [ + (1 = p)¢l € w for all p, 0 <p< 1. In fact, (4.4) is
the special case of equation (1.2) with g({,7) = f({).

Using (4.1), (4.2) and (4.3), we may now rewrite (2.5) in the form

V(C")=”-n-1f’o7f:...f2y(ao, o ...,an)dzod;l cee dzn

where O0=x+ipcost, 0, =x, +ip, cOS ¢} k=0,1,+¢¢yn Letus introduce
the closed n+ 1 and » + 2 dimensional cubes

T={tytyseeesth 0<t,<m k=0,1,:00,n,
T*={t,to,tl,000,l"}, 0_<_t_<_ﬂ, Ogtk_<_1r, k=o,l,...,n
and the notation
%k
dT = dt, - dt dt,, dT"=dt, -+ dt,dtdt,
S= {00’ 019 ."’0”" V(S)=U(00y 01, veey Un),
Tk=(T) Sk =(S)Uk__,o-o

=’

7Y

Thus we may write
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-n=1
(4.5) vic,) =am=1 [ us)ar
and similarly
Fxys pV,(x, p; C) = 7™""2 fT* [(o)ulS,) dT*.
Consequently, from (2.7) it follows that
370 Jox [0S )ar*
7 [; AS)dT

(4.6) I\n(x, p; C n) =

S. Relation of A_ to the Lagrange interpolation polynomial for f(0). Let

. agrange interpo yno /
1 (0; S) be the Lagrange polynomial which interpolates to /(o) at the points 0, =
Xy +ip, cOs tys k= 0,1, ¢+ 4n As is well known,

n  f(o, Wlo)
Lio;8)=3 AL
" k=0 Y0, )o - a})

where Y(0)= (0- 0 Xo-0,)::. (0-0).
Equivalently,

7 f(g,)AS,)
(5.1) Lo; =3 To Sy
” k=0 (S

whereupon (4.6) becomes
S 1,(0; SYAS)dT*

(5.2) I\n(x, P Cn) = PP

Thus we may regard An(x, [‘H Cn) as a certain average of the values of l"(o; s)
taken over the cube T*

6. Approximation of A_(x,p ; C,) to F(x,p). Let us derive an integral repre-
sentation for the difference

6.1) A, (x, p; C,) = Flx, p) = A _(x, p; C ).

Rewriting (4.4) as F(x, p)= Jp» [(OWAS)dT*/m [1. v(S)dT, we infer from (5.2) that
fo 10 = o0 k)
w [ v(S)dT

(6.2) A (%, p; C) =

We now state the following:

Theorem L. Let Q be an axisymmetric region and A and B axisymmetric
subregions whose closures A and B lie in Q. Let w,a and B be respectively
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the meridian sections of Q, A and B. Let F(x,p) be an axisymmetric harmonic
function in Q and let C = {(x, p )} be a set of n+ 1 circles in A with xq <
%) <e+ee<x . Let

63 Ac,) = [ 1usHar / |f, usrar|.

Assume further that A and B have the properties:

(1) there exists a constant M > 1 and an integer N> 0 such that X(C )<
M for all sets CnCA, n> N; _

(2) 1.(0,$) approximates [(0) uniformly for all. 0 € B and all T with 0<
t, <7y k=0,1,.-c,n Then A (x,p; C,) approximates uniformly to F(x, p) for
all (x,p) € B.

Proof. From (6.2) we infer that
S @) =1 (o, )| AS)] aT*
m|f7 US)dT]| '

(6.4) |A,(x, p; C I <

By hypothesis (2), given an €> 0, we can find Ny > 0 so that |f(0) -
I (0,8)| <¢/M forall 2Ny, forall o €PB and all T with 0<¢, <m k=0,
1, -+ 4 n. Using also hypothesis (1), we find

e alolS)aT*

A (%, p; C )| < o<
1A, (x, p; C )| Wl T o) 7]

€
for all (x,p) € B and all n > max(Ng, N), thereby completing the proof of The=
orem L.

7. Sufficient conditions on subregions A and B. ‘Let us first examine some
sufficient conditions on A for the existence of a constant M > 1 such that
i(c")g M. It is clear from (6.3) that in any case X(C )> 1. If pg=py =+--=
P, =0, then

k=1
1)(S)= H H (xk-x’.)=|v(S)|>0

k=1 j=0
and fx(Cn)s 1. Thus, if we are given any constant M > 1, we can make ﬁ(C")
< M by taking, if necessary, all the p, sufficiently small.
Alternatively, let us choose C_ so that for some 8, 0<8<n/2,

(7.1) |arg u(S)| < 8.

Then
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IfT v(S)dTl > se[fr v(S)dT] > [, Ruls)ar
> [ 1)) cos arg T2 ( [ [ASNT) cos 5.

Hence, %(C") < sec 8 and we may choose M = sec 8. Thus (7.1) is a possible
sufficient condition on A.

It suffices that for some constant b> 0, |V(C)| 2 b for circles C, in A.
For then

A(c,) <ot [ 1A\ < b= lHiantm 112
where d is the transfinite diameter of region @. Thus
M = max{l, b~ 1zt 1gn(nt /2y

Let us next develop some sufficient conditions for regions A and B to have
the second property required in Theorem I. These conditions are embodied in
the following, cf. [8, pp. 52-571.

Theorem II. Let A and B be bounded axisymmetric.regions with A such
that there exists a constant M> 1 with X(C n) < M for all choices of the n + 1
circles C, ={(x,,p, } C A and forall n. Let

D', p") = {(x = x")2 + (p = p")? < [a(x", P12}
be the smallest closed torus having as central circle (x',p') and containing B.
Let Q be an axisymmetric region which contains the bounded closed set T" =
{U D(',p"): (x',p')C A} Finally, let F(x,p) be a function which is axisym-
metric, harmonic in Q and which is interpolated by the axisymmetric barmonic
polynomial A"(x, [H Cn)_on the n + 1 circles C . Then A"(x, P; Cu) converges
uniformly to F(x,p) in B, as n— os.

Proof. Let us denote by a,B8,y,8(x',p’), and @ the meridian sections of
the sets 4, B, ", D(x",p’) and Q respectively. Then 8,, =38(x,sp, cos t) is
the smallest closed disk having its center at point (xk' Py, cos t) €2 and con-
taining B. Forall ¢,y Uz-o 5,, and yCw. Let us express F(x, p) by (4.4)
in terms of its associate f(0) which is holomorphic in @. Formula (5.1) gives
the nth degree polynomial [ (0; S) which interpolates to f(0) at the points 0,
k=0,1,c00,m. '

In order to obtain the usual integral representation for the difference /(o) -
1.(0; $)), let us introduce (cf. [8, pp. 54-55)) the function w = $(0) which is holo-
morphic in the complement ¥’ of ¥ and which maps the simply connected region
y' conformally onto the disk |w| > 1 with ¢(ce) =.00 and ¢'(«) > 0. Let &, be
the level curve |$(0)| = 1 + €, where €> 0 and € is chosen so small that «,C
®. Let d, be the minimum distance from . to y. Obviously d¢> 0.
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By Hermite’s formula (a corollary of the residue theorem) [2, p. 68]

1 /(S)'/’n(a) ds
(7.2) /(0) - I(U, S) =m " (S—_GW ’ g € B-,
€ W= n

where !ﬁn(o) =1} _,(0-0,), 0, €a. Let us define

r=sup(lo-0,];0 B, 0, €3),
p = sup(|f(s)]; s €&

Since 8,,Cy, forall 0 €5, and all s €k, |0=0,| +d, < |s = g;|. Since

(lo-o |l +d)lo-0 | =1+d]o- akl'1 21+(d/n,

+1
(7.3) 1) - 1,00, 9)] < 5t (_2) f,K€|“s‘=“""”’

where a> 0 and 0< v < 1. If we now substitute from (7.3) into (6.4), we find
1A, p; C I < a1, Clearly, given any €> 0, we can choose N so large
that |A (x, p; C )I < € for all circles C C A, n> N, and for any point on any
circle (x, p)C B.
Therefore, An(x, P C") converges to F(x, p) uniformly on B, as stated
in Theorem II.
Theorem II may be restated with A and Q given and B to be specified, or
B and Q given and A to be specified.
An immediate consequence of Theorem II is the following simpler result.
Ct. [2, p. 811
Corollary. Let A and B be defined as in Theorem 11 and let A and Q be
bounded axisymmetric regions with ACB, BCA, ACQ. Assume that 0< b<c
where
b = max{[(x' =22 + (p' - P21V («, p) C 04, (x, p) C OB},
c=min{l(x' - 0% + (o' = PV 2: (', p") C 94, (x, p) CIAL
Then, if F(x,p) and A (x, p; C, ) be specified as in Theorem II, A (xs p; C, )
converges uniformly to F(x, p)in B as n —oe
Proof. The assumption b < c ensures that D(x', p')C A for every circle
(x',p")C A and therefore that I' CA, Thus, if Q is chosen so that AcQ, then

also I'C Q and Theorem II leads at once to the corollary.
Example. Let A be the ellipsoid of revolution and B the ball defined by

the inequalities:
= {(x? +p2)1/2+[(x 2 +p21Y/2<hY, b>c>0,
={x-)? +p? < B2
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Then I is the ball X%+ p2 <0+ b)? since {b + [(x,- P+ P2]1/2; is the radius
of the smallest circle having its center at any boundary point (x, p) of the ellip
tic meridian section of A and containing the meridian section of B. The minor
axis of ellipsoid A is m= (P 2, which can be taken small if necessary
to satisfy the condition X(C n) < M for some M > 1, Finally, @ can be taken as
any ball x? + p? < k? with k> (b + b).

8. Another interpolation problem. Instead of (1.1), let us impose upon
A, (x5 p,;5 C,) the conditions that

(8.1) A;k)(xk, Pk; Cn) = F(k)(xk, pk), k= 0, l, 2, coey M,
where supercript & signifies a kth partial derivative with respect to x. In elim-

inating the A, from (2.2) subject to (8.1), we may use the identity obtained by
differentiating (4.1) with respect to x:

Pf,l)(x, p) = ;IZ (x+ip cos )" ldt= nP__,(x, p);

so that by induction

(8.2) P;")(x, P=nr=-1) . (n-k+ I)Pn_ ,;(x, )R

If E denotes the determinant (2.4), we have now for A"(x, p; C ") the equation:

a 9 0"
(8.3) — S E=0.
a—;ax ox7

The cofactor of A, in the determinant on the left side of (8.3) is

We) =2 Lo 2 yic ) mtee[ 2P, p)
0x, 3x2 ax" ax;. r

=det|k(k=1)ee (k=j+ l)Pk_,(x Pl =112+ enal,

Defining
9 02 ala-l ak+1 L
W(xpC)— — 00 e -—'oo_—v(x oC)
B\%s P Ps »
Ty 92 9ahml kel T gem TR D e
we obtain

8.4) A% p; €)= Flxy, p) +[1120 o0 p1]=1 ZF(")(xk, PV, (x, p; C).
k=1
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Similarly to (4.5), we may write
(8.5) Wk(x, P C”) =gl frk wh(Sk) dT,
where

9 9 "
wo(so)=a-o— -—3 s a—a" V(SO)Q

1 802 :
(8.6) ak ak+l n
= d
(S)—%x 60"" d*tT  gon A k=L2 e

Thus we may rewrite (8.4) as

8.7) A, (% p; C)) = Flxy, pg) + [1120 .83 nlpn+2]=1 f 2 /(")(ak)w (Sk)dT*
T k=l

The quantities (8.6) also occur in the polynomial / ”(0’; S)= 2’,:'0 akO" which
satisfies the conditions:

(808) lf'k)(ak; s) = ,(k)(ok; s), k = 0, ly ceey N
On eliminating the a,, we find that

n
(8.9) 1(o, 8) = flop) + [1121 v all=?! kzl /(")(ok)wk(sk).

This permits us torewrite (8.7) as

(8.10) Az p; C) =772 fT* 1 (0, )dT*.
A representation for I (0; §) alternative to (8.9) is
n
(8.11) 1(0,9) = {0g) + 2 *A0,)g,00)
k=1
where
o Y1 V2 V-1
"(8.12) 7,0) =fao 1 Iol ¥, foz w3 'fok-l o

The kth degree polynomial ¢,(o), is essentially the *‘Abel-Gontscharoff poly-
nomial”’, defined by the equations [2, pp. 46-47]

(8.13) 7,00 =q}l0))=+.. = “"”(a )=0, (")(a) 1.
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Consequently, for j=0,1,:c.yn
n

%, 9)= 3 (Po)giMe) = (%)

k=j
as required by (8.8).
Let us define
(8.14) Qk(x, p) = g=n=1 frk qk(x + ip cos 1) di.

From (8.10) and ( 8.12), we conclude that

n
(8.15) A (x, p; C,) = Flx, po) + kZl F®¥(x,, p)0,(x, p).

Regarding the convergence of A”(xy p; C ") to Flx, p), we may state the fol-
lowing theorem:

Theorem IIl. Let A and B be bounded axisymmetric regions and the circles
C,= {(xk, pk)} CA. Let Ty Q and F(x, p) be defined as in Theorem I, Let
A"(m P; Cn) be the nth degree polynomial such that Ag"(xk, Py Cn) = F("’(xk, Ph),
k=0,1,.eeyn. Then An(x, P; Cn) converges to F(x, p) uniformly in B, as n

—> oo,

Proof. From (8.10) and (4.4), we observe that
(8.16) F(x, p) - A (x, p; C) = D fr* [1(0) -1 (o, )] ar*.
By the residue theorem

{(s)o - 0,)o - "1)2 ceelo-0)"

1
©8.17) [0 =1 (0;8) =n
" 2mi J;‘c (s=0Ns =0 )s=0,)2eee (s-0)"
where &, has the same meaning as for (7.2). Using the same notation as in (7.3),
we infer that

N
o [ -
(8.18) |te) - 1, (o, S)lszndc(r+d€) f’% ol = v

where 2> 0, 0<v <1 and N =n(n+ 1)/2. On using (8.18) in conjunction with
(8.16), we infer that |F(x,p)-A (x,p; C )| < aM and thus complete the proof
of Theorem IIl. [A corollary similar to that for Theorem II is also valid.]

9. Expansion about a single circle. Let us finally seek the axisymmetric
harmonic polynomial A_(x, p; x4, py) which in a single circle (xo, py) has (z'+ 1)-
fold coincidence with an axisymmetric harmonic function F(x, p) in the sense
that
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©.1) Afli)(xo, Poi %g» po) = F(i)(xo, po), i=0,1,cc0,m
This corresponds to (8.1) with all # + 1 circles C_ coalescing in a single circle

("0’ py)- Consequently, from (8.4)

n
9.2) A (x, p; % py) = Flx pg) + [1121 -84 al] =1 Zl F(’)(xo, PV (%, p; %45 py)
j=
where Uk(x’ P %q» Po) = {wk(x’ P; Cn): (x’., Pj) = (xo9 Po)v i= 1,200y n}.
On developing this determinant in the form

n
Ulx, p; %91 py) = E) ¢ixPulxs P

one finds that Cik= 0 for k> j. Thatis, U].(x, [HEDY) po) is a polynomial of de-
gree j. By differentiating the determinant v times with respect to x,.we verify
immediately that

(9.3) Ug.v)(xo, Pos %g» po) =0, v=0,1,2,¢00,j-1,

9.4) Ug.i)(xo, Py %o po) = 12l eaeanl.

Thus we verify at once that An(x, P; %4 Po) as given by (9.2) does satisfy all the
conditions (9.1).

Furthermore, since each Pk("’ p) is an even function of p, we infer that
ug”)(xo, p; %gs Pg) is divisible by (p% = p2) for v=0, 1, +++, j. Taken with (9.3)
and (9.4), this information means that we can write U i(x, P; %3 Py) in the form

Ui(x’ P Xg Po)

Li/2]
9.5) =[1121 e 0eal/jlx - xo)i + > d,‘v(x‘ xo)i-ZV(pz _ Pg)z{‘
v=1

A more direct approach to an expansion about the circle ("0’ po) is, using
(4.4) and assuming f(0) to be holomorphic in the closure of w, to write
1
(9.6)  Flxy+ b, py + k) = ;f: flxy + ip cos &) + (b + ik cos Dlat

with ¢ = b2 + k2 < a% where a, is the shortest distance of points 0 = x, +
ip, cos t, 0< t <7, to the boundary dw of . Setting 7= b + ik cos t, we have

9.7) g+ = (o) + [} + +v 4 (Hagk™/nl + 1 (0, Nr™+

where ’,.(00’ r) = (1/2m) fKe fsXs - oo)_"'z(s -0,- 7)~lds and K¢ is a circle
Is -0yl = by with c < by < a,.
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Let us define the product H I(Xl9 pl) * Hz(xz, Pz) of two axisymmetric har-
monic functions, for which the associates are }’l(al) and bz(az) respectively, as

(9.8) Hy(x;,p)) *Hy(x,, p,) = -l”-fz by(x, + ip, cos Db,(x, + ip, cos 1) dt.

This product is an axisymmetric harmonic function if x) = x, and p, = p,, but
in general it is not a harmonic function.
Using (9.6), (9.7) and (9.8), we may now write

9:9) Flxy+ by py+k)=F (x,+b,p,+k)+ R"(x, P %gs Pg) * Pn+l(b’ k)
where

n
(9.10) F"(xo +by py + k) = Flx,, po) + 'Zo (j!)"lF(")(xo, Po) *P'j(b, k)
]=

and
R, (xo+ by py + k; x5 Po) =fz J;(( f(sXs - x, - ip, cos H=n=2

(9.11) +[s = (xy + ) = ilpy + #) cos 11~ ds at.

Since P{*X0, 0)=0 or j! according as < j or V= it follows that F™x, +0,py +0)
= F®Xx s py) and thus F (xy + bypg+ B) = A (xg + by py + k5 g0 po)e

Let us next evaluate |R_(x+ by pg + k; xg0 p)l, setting ¢ = {max |f(0)]:
0 € dw}. Thus

IR, (xq + By po + k5 %45 po)l < ub;"'l(bo .
Also
1P, 1B B <™ P, (B/c)] < ™+,
In view of these results and (9.9), we may now state the following:

Theorem IV. Let Q be an axisymmetric region in whose closure F(x,p) is
an axisymmetric harmonic function. Let (x, p,) be any circle in Q. Then the
nth degree axisymmetric harmonic polynomial A (x, p; x5 py) = F,(xq + by py + k)
given by (9.2) or (9.10) bas the property:

APxgs poi %9 o) = Fxgs gl 1=0, 1,22, 3,

where the superscript (j)y denotes the jth derivative with respect to x. Furthere
more, A"(x, P; Xq» po) converges uniformly to F(x, p) in any torus (x - x0)2 +
(p-p,) < c? that is contained in Q, as n — oa
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The nth degree polynomial F"(xo +bypy+ k) in b and k is clearly the an-
alogue of the Taylor polynomial for a holomorphic function f(d), o € C. It is how-
ever not harmonic in b and k in general, but it is axisymmetric harmonic in x =
Xg+b and p=p,+ k.

10. Generalization to RN, We now propose to generalize the preceding re-
sults to N dimensions. Let us consider functions F of N real variables 51"52’
+++3&)y that depend only upon the two quantities x and p where

(10.1) x=b, pl=E+E+..1 8, N23.
1 2+ 63 N

The corresponding Laplace’s differential equation V2F = 0 is then (cf. [5, p- 1671

(10.2) (3/0x)p"N ~20F /9x) + (3/3p)p"N =23F /9p) = 0

and its solutions are the axisymmetric harmonic functions in RN. By a circle
(xk» Pk) we mean the locus of points in RN that satisfy simultaneously the two
equations x = X, P =P, (cf. [5, pp. 151-152]), and by an axisymmetric region
Q CRY we mean one such that, if circle (xy, py) C @, then also circle (xq2p)C
Q for 0< p< p,. We propose the same problems in RN as were stated in $1
for R3,

It is well known that every axisymmetric harmonic polynomial in RN may be
written as a linear combination of the polynomials P,(x, p) defined by the equa-

tion
(10.3) P (x, p) = r*Pi(x/7), p=(N=2)/2,

where r2

The function Pi”’)(u) is the so-called Gegenbauer or ultraspherical harmonic
polynomial given by [7, pp. 81-85]
k/2] .y
(10.4) Pg‘)(”) = z(:) ("l)’ykiu =2j
j=

with coefficients expressed in terms of the gamma function as Yii=
2k=2DP(k - j + pY/T@IG + DI - 2j + 1), Corresponding to equation (4.1), we
now have (cf. [7, p. 971

(10.5) P.(x,p)=p, fz (x + ip cos )* sinN=31dt

where

(10.6) b, = 22"V~ %[k + N - 3)1/k11.
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We note that Pi")(l) =P(1,0)=(k+N- 3))/[kXN-= 3)!). When N =3 and thus
r="%, P(k"‘)(u) clearly reduces to the ‘Legendre polynomial of degree k. From
(2.2), (10.3) and (10.5) we derive the relation

(10.7) A (x, p; C)) = fz A (x + ip cos 1) sinN=3: 4

where the polynomial A_({)= 2} _) p,A4 kék’ ¢ €C, is called the associate of
A n(x, P; Cn). This suggests the representation

(10.8) F(x, p) =fz {(x + ip cos #) sinV =3 rdt

where f({) is a holomorphic function of the complex variable { = £ + in in the
meridian section @ of Q; that is, on the set of the intersection pointsof { with
a plane

E=pky §=2,3,-4, N, B2+ k24 vk =1

Indeed, if the origin is contained in Q, the series F(x,p)= 2:-0 CkPk("’ p) is
valid uniformly within N dimensional ball x? + p? < r% contained in . Thus the
series f({)= 2P | pkc‘,_C’e is valid uniformly within the disk || < r, contained
in w, since the p, given by (10.6) are uniformly bounded for all k. The exten-
sion of the representation (10.8) for F(x, p) in all of @ and for f({) in all of @
is by harmonic and analytic continuations respectively.

Furthermore, from (10.8) it follows that

(10.9) &)= F(, o)/f ™ sin=31de

That is, we may regard f({) as the analytic continuation of the function given
by the right side of (10.9), from the real { to complex .

The determination of the A, in (2.2) now proceeds as in §2, with the re-
sult given by equation (2.7). In order to generalize equation (4.6), we add the fol-
lowing to the notation given in §4:

M(T) = ﬁ p, sinV =3¢, MT,) =MD, _p M(T*) = M(T) sinV =3 2.
k=0
Then since V(C,) = det [P, (x, p)|| = [} v(SIM(T)dT, we find

570 fa (0 )AS JH(T™) aT*
[ AOM(D) aT

An(x, p; C) =

Finally, if we introduce the Lagrange interpolation polynomial ln(a; S) given by
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equation (5.1), we obtain the expression

Jor (o S)u(S)M(T*) dT™*
Jr ASM(T)dT

An(x9 P; C”) =

The details regarding the convergence of An(x, P Cﬂ) to F(x, p) carry over
to RN essentially as in §6. In fact, if we now define, instead of (6.3),

Ac,) - f luoIm) dT/, f. v(s)M(T)dT,,

the theorems given in $6 and $7 remain valid for axisymmetric harmonic functions
in RN, Similarly, we may modify the material in $8 and §9 so that it also remains
valid for RN,
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